Amyloid fibrils are homo-molecular protein polymers that play an important role in disease and biological function. While much is known about their kinetics and mechanisms of formation, the origin and magnitude of their thermodynamic stability has received significantly less attention. This is despite the fact that the thermodynamic stability of amyloid fibrils is an important determinant of their lifetimes and processing in vivo. Here we use depolymerization by chemical denaturants of amyloid fibrils of two different proteins (PI3K-SH3 and glucagon) at different concentrations and show that the previously applied isodesmic linear polymerization model is an oversimplification that does not capture the concentration dependence of chemical depolymerization of amyloid fibrils. We show that cooperative polymerization, which is compatible with the picture of amyloid formation as a nucleated polymerization process, is able to quantitatively describe the thermodynamic data. We use this combined experimental and conceptual framework in order to probe the ionic strength dependence of amyloid fibril stability.
Introduction
Filamentous protein structures are ubiquitous in biology. They can fulfill functional roles, as in the case of the cytoskeletal proteins actin 1 and tubulin, 2 or be associated with diseases, as in the case of sickle hemoglobin polymers 3 or amyloid fibrils. 4 For the cytoskeletal filaments, both the mechanical and thermodynamic stability, as well as the molecular origin of their reversibility have been the subject of extensive studies in the last decades. 5 Indeed, actin filaments were the first protein polymers the thermodynamic stability of which has been characterized in detail in seminal work by Oosawa. 6 Aktin filaments can be described as helical polymers, whereby each monomeric building block interacts not only with its nearest neighbors in the polymer, but also with building blocks further away. Actin monomers undergo relatively minor structural changes upon polymerization, 7 and the same is also true for tubulin and sickle hemoglobin. 8 Amyloid fibrils, on the other hand, are protein polymers in which the protein building blocks usually adopt a very different structure inside the fibril compared to the isolated protein molecule. 9 Amyloid fibrils are mostly known as being the hallmark of a wide range of diseases, but mounting evidence demonstrates that amyloid fibrils can also play functional roles in biology. 10 Many different proteins entirely unrelated in structure (IDPs or folded proteins) and function (peptide hormones, 11 lipid-binding proteins, 12 milk proteins 13 ) have been found to form amyloid fibrils, either in vivo or in the test tube. While much insight has been generated in the last two decades on the kinetics and mechanisms of amyloid fibril formation, [14] [15] [16] [17] much less is known about the thermodynamic stability of these structures, 18 and to what extent common driving forces govern the amyloid formation of different proteins. It is very important to be able to quantify and rationalize the thermodynamic stability of amyloid fibrils because the thermodynamic stability is likely to be a decisive factor in determining whether amyloid fibrils of a certain protein can be cleared in a biological context. Such clearance could happen either through spontaneous binding of molecules, such as antibodies, to soluble or aggregated protein 19 or else through active, energy consuming processes, such as the action of chaperone complexes on amyloid fibrils. 20 Experimental data of amyloid fibril stability 21, 22 has so far been analysed in the framework of the linear polymerization model. 6 The simplest, so-called isodesmic form of this model contains only a single equilibrium constant, that for the addition of monomer to all possible species, including to another monomer. Under this assumption, the stability of the fibrils can be directly determined from a measurement of the free monomer concentration at equilibrium, for sufficiently high concentration of denaturant and the free energy difference DG between the monomeric and polymeric state, equivalent to the assumption in protein unfolding experiments, 24 sigmoidal fibril depolymerization data can be fitted and the value of DG extrapolated to the absence of denaturant. 21, 22 While this method of determination of amyloid fibril stability is commonly used, its validity
has not yet been thoroughly tested. Here we use intrinsic protein fluorescence to monitor the fraction of fibrillar vs. soluble protein.
We investigate and rationalise the influence of the type of chemical denaturant, the ionic strength and the protein concentration on the depolymerization curves and show that a cooperative model provides a better description of the thermodynamics of amyloid fibril formation than the simple isodesmic polymerization model. The cooperative model, adapted from the field of supramolecular chemistry, 25, 26 describes the thermodynamics of polymerization by two different equilibrium constants: a nucleation constant and an elongation constant. We find that experiments in which the peptide concentration is varied allow a better discrimination between the isodesmic and cooperative models than the standard experiments in which only the denaturant concentration is varied. We apply our insight and methodology to the analysis of the ionic strength dependence of amyloid fibril stability and compare it with the ionic strength dependence of the fibril growth kinetics. 27 Our combined analysis of this data provides strong evidence for the fact that the transition state of the fibril growth reaction is highly product-like with respect to the distance of the newly adding peptide to the fibril end.
Experimental section

Proteins
The human glucagon employed in the study was a kind gift from Novo Nordisk. The bovine PI3K-SH3 domain was purified according to the protocol in ref. 28 . The construct contains a 6xHis-tag linked to the protein by a thrombin cleavage site. The sequence of the WT protein after cleavage is the following, with the dipeptide Gly-Ser remaining as overhang from the cleavage: GS MSAEGYQYRA LYDYKKEREE DIDLHLGDIL TVNKGSLVAL GFSDGQEAKP EEIGWLNGYN ETTGERGDFP GTYVEYIGRK KISP
The protein was expressed in a BL21 E. coli strain with TB medium for auto induction containing 0.012% Glucose and 0.048% Lactose. The cells were grown for over 24 h and then harvested by centrifugation. After resuspension in sodium phosphate buffer (50 mM sodium phosphate pH 8, 5 mM Imidazole and 100 mM NaCl), the cells were disrupted by sonication, in the presence of protease inhibitors (cOmplete Mini EDTA-free, Roche) and DNAse (Sigma-Aldrich). The lysate was centrifuged, and the supernatant loaded on a Ni-NTA Superflow Cartridge (Qiagen, Venlo, Netherlands) equilibrated in 50 mM sodium phosphate pH 8, 5 mM Imidazole and 100 mM NaCl. The protein was eluted with a linear gradient from 5 to 300 mM imidazole in 50 mM sodium phosphate pH 8, 100 mM NaCl in 25 ml elution volume. Fractions containing the protein were collected and cleaved overnight at 7 1C with 1 unit of thrombin (from bovine plasma, Sigma-Aldrich Saint Louis, Missouri, USA) per 1 mg of protein. The cleaved solution was then concentrated and loaded on a SEC HiLoad 26/60 Superdex 75 column (GE Healthcare, Chicago, Illinois, USA) equilibrated with 5 mM ammonium acetate pH 7. Fractions containing the PI3K-SH3 domain were collected and lyophilised for further use.
Fibril preparation
Glucagon fibrils were formed from protein solutions prepared after resuspension of the lyophilized peptide in 10 mM glycine hydrochloride pH 2 at 1 mM final concentration. This solution was incubated under shaking at 37 1C for 1-2 hours. The fibrils obtained through this procedure were used as seeds for further solutions of monomeric protein, which were prepared at a concentration range between 1 and 2 mM and seeded at ca. 10% (monomer equivalents). The solution was left overnight at room temperature without shaking or stirring.
PI3K-SH3 fibrils were formed from protein solutions prepared from the lyophilized protein (produced as described above), resuspended in 10 mM glycine hydrochloride pH 2 at 200 mM final concentration. This solution was incubated under shaking at 42 1C overnight. The fibrils obtained through this procedure were then used as seeds for further solutions of monomeric protein, which were prepared at a concentration range between 200 and 300 mM and then seeded at ca. 10% (equivalent monomer mass). The solution was left overnight at room temperature without shaking or stirring.
Such high concentrations of fibril stock solutions are needed, as the fibrils are strongly diluted upon addition of the denaturant, which is necessary to achieve denaturant concentrations high enough for depolymerization. Before preparing the samples, the fibril preparations were sonicated with a VialTweeter-sonotrode (Hielscher, Teltow, Germany). Glucagon fibril solutions were sonicated in a volume of at least 700 ml, twice for 3 seconds, 100% amplitude, with a pause of ca. 30 s. PI3K-SH3 fibrils were sonicated for 10 s at 100% amplitude in a volume of at least 700 ml. The fibril preparations were imaged by AFM, both before and after the sonication protocol, to evaluate the effect of the sonication on the lengths of the fibrils.
Atomic force microscopy imaging
Atomic force microscopy (AFM) was performed on dried fibril samples. The fibril samples were diluted to ca. 3 mM in the same buffer, then 20 ml were placed on freshly cleaved mica and incubated at room temperature for 10 min. After 10 min the mica was washed with MilliQ water. Imaging was performed with a Bruker Multimode 8 (Billerica, Massachusetts, USA) using OMCL-AC160TS cantilevers (Shinjuku, Tokyo, Japan).
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Depolymerization experiments
The fibril samples were mixed with different volumes of urea or GndHCl stock solutions and buffer. In order to maintain a solution pH of 2 constant throughout the whole denaturation series, an 8 M urea stock solution was prepared by dissolving 12 g of urea (SigmaAldrich) in 16 ml of concentrated buffer, to yield a final concentration of 10 mM glycine hydrochloride and 16 mM HCl. The HCl is necessary, as the urea has a weak buffering capacity. In order to keep the ionic strength constant in all samples, NaCl was added to the 10 mM glycine HCl buffer to a final concentration of 16 mM. In order to ensure that the samples have reached equilibrium when they are analyzed, we assessed the time of equilibration (see Fig. S5 , ESI †) and based on these assessments left the samples to equilibrate for one week in the case of glucagon fibrils and two weeks in the case of PI3K-SH3 fibrils.
Fluorescence measurements
Fluorescence spectra were recorded on a Tecan M1000pro instrument using Greiner UV-transparent 96 well plates. The wells were filled with 140 ml of solution and the temperature was maintained constant at 27 1C. The fluorescence spectra were measured by top reading, exciting at 280 nm for glucagon samples and 290 nm for PI3K-SH3 samples (5 nm bandwidth), while the emission was recorded between 300 nm and 420 nm (5 nm bandwidth). A blank spectrum (buffer) resulting from the average of 10 different spectra is subtracted before analysis. In order to determine the relative populations of soluble vs. fibrillar protein, we computed the ratios of the fluorescence intensities at 340 and 320/310 nm (glucagon/PI3K-SH3) for each spectrum. This choice of wavelengths was based on the difference between the fibrillar and monomeric spectra in each case (Fig. S2 , ESI †).
Absorbance measurements
In order to measure the degree of aggregation of the fibrillar samples, they were centrifuged at 16.100 g for 1 hour. The supernatant was removed and its absorbance was measured between 220 and 350 nm with a Nanodrop 2000 (ThermoFisher) spectrophotometer. The extinction coefficients at 280 nm are 8480 M À1 for glucagon and 15 930 M À1 for PI3K-SH3.
Results
In order to establish a reliable methodology for the determination of the thermodynamic stability of amyloid fibrils, we chose two polypeptide systems that have been shown to form amyloid fibrils under acidic conditions, the peptide hormone glucagon 29, 30 and the protein PI3K-SH3. 28, 31 Both of these polypeptides contain the amino acid tryptophan and therefore the use of intrinsic protein fluorescence can be explored for the distinction between monomeric and aggregated protein 32 ( Fig. S2 , ESI †).
In several previous studies of amyloid fibril stability based on chemical depolymerization, the equilibrated samples were subjected to centrifugation and the protein concentration in the supernatant was determined. 22, 33 Experimental data confirming the equivalence between the data from concentration measurements and the intrinsic fluorescence data can be found in Fig. S6 and S7 (ESI †). For both PI3K-SH3 and glucagon, homogeneous fibril preparations without appreciable amounts of non-fibrillar material (as judged by AFM imaging, see Fig. S1 , ESI †) can be produced by adjusting the solution conditions appropriately. 32, 34 In our experiments of fibril depolymerization we started from fully equilibrated fibrillar samples that we prepared by seeding, i.e. the addition of preformed fibrils to monomeric samples. We then homogenized the samples and shortened the average fibril length by subjecting the samples to ultrasonication (Fig. S1 , ESI †). Details about the sample preparation can be found in the methods section.
Choice of denaturant
Having chosen the polypeptide systems to investigate, we next proceeded to the choice of the chemical denaturant to be used to destabilise the fibrils. Previous reports mostly used strong denaturants, such as GndHCl or GndSCN 21,22,33 rather than milder ones, such as urea. It is well established that the ionic denaturants are more powerful than urea in the unfolding of proteins. 35 However, we found that in our case the fibrils could be dissociated by urea, and even that in the case of PI3K-SH3 amyloid fibrils, urea was a more powerful denaturant than GndHCl (see Fig. S4 , ESI †). This is in contrast to the unfolding of monomeric PI3K-SH3 that was unfolded at lower concentrations of GndHCl compared to urea, at neutral pH (see Fig. S4 , ESI †). Based on these initial results, we decided to chose urea as the denaturant of choice for our amyloid fibril depolymerization experiments, as this choice of a neutral denaturant allows us to explore the role of electrostatic interactions in amyloid fibril stability in more detail. The use of GndHCl would lead to an almost complete screening of the electrostatic interactions at the high denaturant concentrations used in these experiments. It has to be noted that prolonged incubation of proteins in high urea concentration can lead to carbamylation reactions. 36 The acidic pH conditions employed in the present study strongly disfavour this reaction. We showed by mass spectrometric analysis (Fig. S9 , ESI †) that even after 9 days incubation in 6 M urea, no sign of carbamylation was observed for PI3K-SH3, which required the longest equilibration times.
Analysis of chemical depolymerization with an isodesmic model
Equilibrium denaturation curves of folded proteins are often analysed with a two state model, whereby it is assumed that the denaturant linearly shifts (with proportionality constant m) the free energy difference between the folded and the unfolded polypeptide. 37 Due to the large number of aggregate species of different sizes, a two state model is not appropriate in the case of protein polymerization. It has first been proposed by Goto and coworkers 21 to apply the isodesmic form of the linear polymerization model 6 to fit equilibrium depolymerization curves of amyloid fibrils, and this method of analysis has been exclusively used to-date. The mathematical formulation of this
This journal is © the Owner Societies 2019 model can be found in Section S2 (ESI †). Individual sigmoidal depolymerization curves can be fitted and free energy differences between the fibrillar and the soluble states, as well as m-values, can be determined. The absolute concentration of peptide is an important parameter in the model that determines the shape of the depolymerization curve (see Section S2, ESI †). If depolymerization curves are acquired at different peptide concentrations, the extracted free energies and m-values are expected to be identical, within error. We have fitted data from experiments at three (glucagon) and two (PI3K-SH3) different peptide concentrations. It is convenient to display such data in a normalised way, i.e. as a fraction of depolymerised protein, rather than as an absolute concentration ( Fig. 1) . In Fig. S8 (ESI †), we show the same data without normalisation. We find that while all the individual curves can be well-fitted (Fig. 1, left ). On the other hand, a global fit to the data for glucagon is not as good and yields a value for the free energy comparable to that from a local fit of the lowest concentration (À36.7 kJ mol À1 ). Tables S1 and S2 in the ESI † show all the free energy and m-values, when neither, either of these or both parameters are globally fitted. Therefore, already a global fit to denaturation curves at only two or three different protein concentrations reveals potential inadequacies of the isodesmic model for the description of chemical depolymerization experiments of amyloid fibrils.
Extension of the isodesmic model
The isodesmic version of the linear polymerization model assumes that all equilibria in a solution of polymers have the same equilibrium constant. However, this assumption is clearly not in agreement with the known mechanistic features of amyloid fibril formation. Amyloid fibrils form through a nucleated polymerization process, 14, 16 whereby the formation of the initial oligomeric nucleus is energetically less favourable than the addition of a monomer to a fully grown fibril. 38 We hypothesised that this simplification could be at the origin of the inability of the isodesmic model to quantitatively describe the concentration dependence of chemical depolymerization curves of amyloid fibrils (Fig. 1) . We therefore increased the complexity of the model by allowing a different equilibrium constant for monomer association to any aggregate below a certain aggregation number n, i.e. a distinct equilibrium constant of nucleation. The nucleation process is thus defined as a series of less favourable interactions between a monomer and any species up to an n-mer, where n defines the size of the nucleus. By allowing for two distinct equilibrium constants with a ratio s ¼ k n k e , it is possible to account for the fact that the formation of a pre-fibrillar structure is thermodynamically less favourable than its growth. This cooperative model, which is slightly more general than the helical polymerization model of Oosawa 5 (see Section S2 for details on possible extensions of the isodesmic polymerisation model, ESI †) has been successfully used to describe the aggregation process of supramolecular non-covalent polymers. 25 It has for example allowed to explain the differential effects of a gradual change in solvent conditions on the stability of several supramolecular polymer systems. 39 The building blocks of supramolecular polymers are usually simpler molecules than polypeptides, with much fewer degrees of freedom and less potential for polymorphism, allowing the systems in some cases to be characterised very accurately and in great detail.
40
Our concentration-dependent measurements of amyloid fibril depolymerization allow us for the first time to test the applicability of this type of model also in the case of amyloid fibrils. Fig. 2 shows a comparison of fits of the same data sets as in Fig. 1 to both the isodesmic and cooperative models. Compared to the isodesmic model, the cooperative model has two additional free parameters, s and n. We performed fits for different fixed values of n, ranging from 1 to 50. The resulting fit parameters are recorded in Tables S3 (PI3K-SH3 ) and S4 (glucagon) in the ESI. † s and n are not independent of each other, the higher the fixed value of n, the closer s is to unity.
We also compared the model, whereby all species other than the monomer have the same spectroscopic signature (oligomer same as aggregate, 'osaa'), to the model whereby all species up to size n have the same spectroscopic signature as the monomer (oligomer same as monomer, 'osam'). Given the intrinsically disordered nature of both PI3K-SH3 28 and glucagon 41 under these solution conditions, we think it more likely that the oligomers will display a signature of intrinsic fluorescence closer to that of the fibrillar aggregate than to that of the monomer. Furthermore, the osaa model yields more consistent values for both DG 0 and s.
The best fits are achieved for small to intermediate values of n(2-5), whereby the difference between the fit to the isodesmic model and the best fit to a cooperative model is more significant in the case of glucagon compared to PI3K-SH3 (Fig. 2) . The physical significance of n and s are discussed in more detail in the ESI. †
Exploring the concentration dimension in chemical depolymerization
The finding that an increase in the concentration of urea allows to gradually depolymerize amyloid fibrils reflects that the denaturant shifts the equilibrium in a concentration dependent manner towards the soluble state. Therefore, while the critical concentration in the absence of denaturants can be very low and difficult to measure, at higher denaturant concentrations, it will eventually approach the total concentration of the sample. In order to explore this behaviour, we investigated the dependence of both glucagon and PI3K-SH3 amyloid fibril dissociation on the protein concentration at fixed concentrations of denaturant. A suitable denaturant concentration for each protein was chosen based on the data in Fig. 1 and 2 ; we chose 3 M urea for glucagon and 4 M urea for PI3K-SH3. In Fig. 3 , we plot the concentration of soluble protein as a function of the total protein concentration. We performed these measurements by using the more conventional method of sample centrifugation, followed by measurement of the supernatant concentration. In Fig. S7 (ESI †), we show that for both proteins, the results from fluorescence and absorbance measurements are very similar, in particular at higher concentrations. We fit these data to both the isodesmic and the cooperative model and find that for both proteins, the cooperative model provides a significantly better fit than the isodesmic model. This is in particular also true for PI3K-SH3, for which both models gave very similar fits when two denaturantdependent depolymerization curves were globally fitted at two different monomer concentrations (Fig. 2, left panel) . Therefore, the exploration of the protein concentration in addition to the denaturant concentration in amyloid fibril depolymerization experiments represents a powerful combination, allowing a more rigorous test and comparison of different models compared to an exploration of the denaturant concentration dimension alone.
Influence of ionic strength on amyloid fibril stability
Having established an experimental and conceptual framework in which to analyze the thermodynamic stability of amyloid fibrils quantitatively, we then proceeded to apply this methodology in order to probe the dependence of amyloid fibril stability on the ionic strength of the solution, by adding different concentrations of NaCl. We found that an increase in the concentration of NaCl stabilizes the amyloid fibrils of both PI3K-SH3 and glucagon ( Fig. 4a and b) , manifest through a shift of the depolymerization midpoint towards higher 
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denaturant concentrations. This is expected, given the net positive charge of both proteins at the acidic pH of the study. The net charge carried by each monomer disfavors the polymerization process, and screening of the charges decreases this unfavorable contribution. We fitted the depolymerization curves by fixing the parameters of s and n to the values determined in our previous best fits and plotted the logarithms of the equilibrium constants for elongation obtained from those fits against the square root of the total ionic strength of the solution (Fig. 4c and d , see Section S3 for the mathematical analysis, ESI †). We found that the stability of PI3K-SH3 amyloid fibrils depends more strongly on the solution ionic strength than the stability of glucagon fibrils, as evaluated from linear fits to these plots. This difference is consistent with the different (formal) net charge of PI3K-SH3 (+12) and glucagon (+5) at pH 2.
We have previously performed a detailed study of the dependence of the amyloid fibril elongation kinetics of PI3K-SH3 on the concentration of NaCl at a low background ionic strength of 10 mM 27 and we are now able to compare the ionic strength dependencies of both kinetics and thermodynamics of PI3K-SH3 amyloid fibril growth. The use of high urea 
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concentrations in our chemical depolymerization experiments, however, requires a higher buffer concentration than that employed in the kinetic experiments and therefore the ionic strength ranges explored in the two cases overlap only slightly. However, by comparing the slope from the three highest ionic strength values explored in the kinetic experiments and the three lowest ionic strength values explored in the thermodynamic experiments, it is possible to semi-quantitatively compare the ionic strength dependence of kinetics and thermodynamics (Fig. 5a ). We find that the fitted slopes are very similar for the kinetic (43.5) and thermodynamic (57.2) plots.
In Fig. 5b , we illustrate with a schematic energy landscape of fibril elongation how screening of the electrostatic charges by salt ions in solution can lower the free energy barrier, 27 as well as lower the energy of the fibril and hence stabilize it (see Section S3 for details, ESI †).
Discussion
Intrinsic fluorescence as a probe of amyloid fibril depolymerization
The determination of amyloid fibril stability from chemical depolymerization experiments requires a measurement of the relative populations of fibrillar and monomeric protein. This can be achieved through physical separation of aggregated from non-aggregated protein by centrifugation of the sample and measurement of the protein concentration in the supernatant. 22, 33 However, spectroscopic approaches, based on either circular dichroism 21, 32 or intrinsic protein fluorescence 32 have also been proposed, that do not require a physical separation of aggregates from monomeric protein. This feature is useful, as the separation of aggregated from soluble protein can depend on the size distribution of the aggregated species in conjunction with the applied centrifugal force. Fibrillar and monomeric protein can in most cases be expected to have a different spectroscopic signature, due to differences in secondary structure and chemical environment of the aromatic amino acid residues. Therefore the change in relative populations can be monitored by analyzing the ratio of the fluorescence emission at two different wavelengths. We use this method here, based on Trp fluorescence, and show that it is equivalent to the direct concentration determination in the supernatant after centrifugation.
Nature of the denaturant
The equilibrium between the soluble and fibrillar conformation can be altered by the addition of chemical denaturant, similar to the denaturation of folded proteins. Interestingly, we find here that urea can be a more powerful denaturant for amyloid fibrils than GndHCl, which is in contrast to the general finding that GndHCl is a more powerful denaturant for protein unfolding than urea. 35 This inversion in the denaturant strength between monomeric proteins and amyloid fibrils can be explained through the differential importance of electrostatic effects. For the homo-molecular polymerization process of amyloid fibril formation, electrostatic interactions are generally unfavorable, 42 and the addition of a denaturant salt, such as GndHCl, will stabilise amyloid fibrils electrostatically at the same time as destabilizing them through competition for the hydrogen bonding network. 43 At comparably low denaturant concentrations, the stabilizing effect can be stronger than the destabilizing one, leading to a net stabilization. This stabilizing effect is virtually absent for non-ionic denaturants, such as urea, therefore explaining the depolymerization of some amyloid fibrils at lower urea than GndHCl concentrations. It can be expected that this effect is particularly pronounced under solution conditions where the proteins carry a high net charge, such as the low pH values used here.
Appropriate model for the analysis of chemical depolymerization of amyloid fibrils
The theoretical framework for the description of the thermodynamics of linear polymers has been developed by Oosawa, initially for actin polymerization. There it was found that the system was best described by so-called helical polymers, whereby each monomer interacts with several other monomers in the fibril, not only with the two next neighbors, as expected for a perfectly one-dimensional polymer. This structural feature leads to the fact that the initial nucleus is difficult to form, as a monomer will not be able to form the same number of favorable interactions with the nucleus compared to when it adds onto a complete fibril. Amyloid fibril thermodynamics has so far exclusively been analyzed with the simplest form of the linear polymerization model, 21, 22, 33 whereby a single equilibrium constant for monomer addition is postulated. As we show in this work, individual chemical depolymerization curves can be fitted very well with this simple model, but as soon as the total concentration of the protein is varied, it becomes obvious in some cases that this model cannot accurately describe the equilibrium behavior of amyloid fibrils. Inspired by the field of supramolecular polymerization, we find that a model that allows for a less favorable equilibrium constant of monomer attachment to species below a threshold size n provides a consistent theoretical description that allows to quantitatively account for the data. Interestingly, we find that the best fits are achieved for small values of n (approximately between 2 and 5) and for values of s that are one to two orders of magnitude smaller than unity. We would like to stress here that this model is likely to still represent an oversimplification, given the real complexity of amyloid fibril formation, whereby in most cases different steps of monomer addition and structural rearrangement [44] [45] [46] lead to the formation of a minimal fibril. Nevertheless, it is probably the simplest extension to the basic linear polymerization model and the fact that our data can be well-fitted suggests that at least for the thermodynamic behaviour of amyloid fibrils, a description in terms of an effective equilibrium constant for the addition of monomers to small, pre-fibrillar species captures the essence of the process. It is interesting to note that the numerical values of the free energy of monomer addition and s together suggest that also the addition of monomers to the smaller structures is favorable, albeit less so than the addition of monomer to a fully formed fibril. These results can be compared to the kinetics of amyloid fibril nucleation, which is generally found to be very slow and therefore the formation of the nucleus is viewed as being highly unfavorable. Indeed, the finding that in many amyloid systems, fibrils are found that consist of thousands of individual monomers suggests that the rate of nucleation of a fibril is at least 3-4 orders of magnitude slower than the rate of its growth. These observations can be reconciled with our present analysis by considering that for the kinetic behavior, the height of the free energy barriers, as well as the reaction order of nucleation and growth processes, have to be taken into account. A detailed analysis of these parameters in the case of the amyloid b peptide has recently revealed that the free energy barrier for primary nucleation is indeed several times higher than that for fibril elongation. 47 In our experiments, however, we probe the thermodynamic behavior of fibril formation. While the energy barrier for the formation of a dimer, trimer or tetramer might be much higher than for monomer addition to a fibril, 47 our results suggest that once such a small oligomer is formed, it can be similarly stable, per monomer, as a fully grown fibril. It is also interesting to note that the increasing number of available high resolution structures of amyloid fibrils 34, 48, 49 paints the consistent picture of a minimal fibril unit, consisting of between 2 and 8 monomers, which displays the full range of interactions of a fully grown fibril. It is plausible that structures smaller than this minimal unit are thermodynamically somewhat less stable than bigger structures, in contrast to classical nucleation theory, where structures smaller than the critical nucleus are considered unstable with respect to individual monomers.
Electrostatic effects to probe the nature of the transition state for amyloid fibril elongation
Our experimental and conceptual framework allows us to probe the effect of changes in solution ionic strength on the thermodynamic stability of amyloid fibrils. Here we study two proteins that form fibrils at acidic pH conditions, where the individual protein molecules carry a positive net charge that opposes homomolecular polymerization. 27, 42, 52, 53 The electrostatic repulsion of the individual monomers within the fibril can be expected to be screened by salt ions in solution, similar to what has been reported for the formation of surfactant micelles 54 or virus capsids. 55 The use of urea as a denaturant allowed us to probe this effect and we represent the resulting data by plotting the logarithm of the equilibrium constant against the square root of the total ionic strength (Fig. 4a) . The slope of such a plot depends on the effective charge of the molecular interaction in question (see Section S3, ESI † for a detailed discussion of the underlying model). In agreement with the higher formal net charge of PI3K-SH3 compared to glucagon at acidic pH, we find that the stability of PI3K-SH3 amyloid fibrils is more strongly affected by solution ionic strength than that of glucagon fibrils. It is insightful to compare the dependence of both PI3K-SH3 amyloid formation thermodynamics and kinetics 27 on NaCl concentration. For technical reasons (see above), the range of ionic strengths exploited in both studies overlaps only slightly, but if we extrapolate the respective slopes we are nevertheless able to compare kinetic and thermodynamic ionic strength dependencies. We find that the slopes of the kinetic and thermodynamic ionic strength dependency plots are very similar (Fig. 5a) , with the thermodynamic slope being slightly higher. This result suggests that the monomer adopting the transition state for fibril elongation experiences very similar, albeit slightly less, electrostatic repulsion compared to the monomer fully incorporated into the fibril, thereby implying a high degree of similarity between the transition state and the final state of the fibril elongation reaction. Under conditions of acidic pH, where each monomer carries only positive charges and therefore a substantial net charge, electrostatic repulsion is probably mainly defined by the principal reaction coordinate, 50 the center of mass distance between the monomer and the fibril end. Therefore, our results suggest that the transition state of PI3K-SH3 amyloid fibril elongation corresponds to a monomer in very close proximity of the fibril end, only marginally removed from its final position when incorporated into the fibril. This conclusion is in close agreement with the finding that the hydrophobic effect plays a major role in stabilizing the transition state of fibril elongation, as revealed through a strongly favorable entropy of activation. 47, 56 The picture that therefore emerges from this analysis is that the rate-limiting step of amyloid fibril elongation consists of a structural rearrangement of the monomer while being in close contact with the fibril end. Therefore, the defining energy barrier for fibril elongation is of an inter-molecular, rather than intramolecular nature (see Fig. 6 for a comparison of these two distinct scenarios). This result is an important contribution to the ongoing discussion about the intra-vs. intermolecular nature of the protein misfolding events that lead to amyloid fibril formation. It has been proposed for several amyloid systems, such as poly-glutamine 57 and tau 58 that the crucial and ratelimiting event along the pathway of amyloid fibril formation is a purely intra-molecular misfolding event to form an 'aggregation competent state' that can add onto a fibril without any significant barrier crossing. Our results for PI3K-SH3, on the other hand, are more compatible with the picture whereby the misfolding transition is a highly cooperative event between monomer and fibril end.
Conclusions
In summary, we have been able to show for the first time that the thermodynamics of amyloid fibril formation is best described by cooperative polymerization rather than by simple isodesmic linear polymerization. This result is in excellent agreement with mechanistic insight into amyloid fibril formation, as well as with the emerging high resolution structural information on amyloid fibrils. Furthermore, we have been able to accurately probe the role of electrostatic effects in amyloid fibril stability. In combination with previously available data on the influence of solution ionic strength on the kinetics of amyloid fibril growth, we are able to reveal the product-like nature of the transition state-ensemble for amyloid fibril elongation by PI3K-SH3 monomers.
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There are no conflicts to declare. Fig. 6 Comparison of two distinct scenarios of the transition state of amyloid fibril growth. The free energy barriers that define the kinetics of fibril growth are marked in red in both cases; however, we plot here only the electrostatic component of the free energy as a function of the center of mass separation between the approaching monomer and the fibril end. (a) The transition state of fibril elongation corresponds to an isolated misfolding event of the free monomer (1), which is electrostatically unfavorable followed by a diffusive search of the fibril end (2) . The electrostatic signature of the latter cannot be elucidated from kinetic experiments, because only the highest free energy barrier is probed. 50, 51 The final state (monomer incorporated) is electrostatically less favorable than the initial state and the transition state, but has the lowest free energy. (b) The transition state of fibril elongation corresponds to a situation after a diffusional search (1) , where the monomer is in close contact with the fibril end. The misfolding reaction is aided by the presence of the fibril end (2, templating effect). The transition state and the final state are similarly electrostatically unfavorable, because these two states have a very similar center-of-mass distance that dominates the electrostatic interactions. Therefore, we argue that our data on the ionic strength dependence of both kinetics and thermodynamics of fibril elongation is best compatible with a late, product-like transition state (scenario b).
